Abstract. This paper presents the concept of L p -mixed intersection body, and study the monotonicity of the operator I p,i for L p -mixed intersection body. Meanwhile, we establish Busemanntype inequalities and the dual Brunn-Minkowski type inequalities for L p -mixed intersection body.
Introduction
Projection body was originally invented by Minkowski [1] in 1934. Minkowski mapping has a special role in the Banach spaces based on the fact that affine equivalent convex body has the properties of affine equivalent projection body. The research on the projection body has attracted much attention. Because the projection body has a variety of new applications such as the combinatorics, the stereology, the stochastic geometry, the random determinants, etc.
In [6] , Lutwak presented the concept of intersection body and given the duality relation between the projection body and intersection body.
We recall the definition of the L p -projection body of a convex body in R n (see [7] ): For every convex body K in R n and real p 1, the L p -projection body, Π p K , of K is an origin-symmetric convex body whose support function is given by h(Π p K, u) = 1 nω n c n−2,p S n−1 |u · v| p dS p (K, v) 1 p , for all u ∈ S n−1 ,
where c n,p = ω n+p ω 2 ω n ω p− 1 .
The unusual normalization of the definition (1) is chosen so that for the unit ball B in R n , we have
Here we use the L p -mixed volume to rewrite the definition of L p -projection body that its intrinsic geometric nature is even more clear:
where [−u, u] denotes the line segment joining −u and u . Similar to the definition of L p -projection body, Wang and Leng in [14] gave the definition of L p -mixed projection body as follow: Let K be a convex body origin in its interior, real p 1 and i = 0, 1, ···, n − 1, the L p -mixed projection body, Π p K , of K be origin-symmetric convex body whose support function is given by h(Π p,i K, u) = 1 nω n c n−2,p S n−1 |u · v| p dS p,i (K, v) 1 p , for all u ∈ S n−1 .
Here the positive Borel measure S p,i (K, ·) on S n−1 is called the L p -mixed surface area measure of K which is introduced by Lutwak (see [8] ). Using the concept of mixed quermassintegrals, we can rewrite the L p -mixed projection body as follows:
, for all u ∈ S n−1 .
There is a duality relation between the projection body and intersection body, from this point, we believe that there is a certain duality relations between the L p -mixed projection body and the mixed intersection body. So that we can use the dual L p -mixed quermassintegrals to definite the L p -mixed intersection bodies are as follows:
REMARK. The intersection body was first defined by Lutwak in [6] , after the unusual normalization we can give the definition of the classic intersection body as follows:
where v(·) denote (n − 1)-dimensional volume of convex body. 1994, Zhang in [17] further proposed the concept of ith intersection body, and ith intersection body of the unusual normalization are defined as follows:
where w i (·) denote (n − 1)-dimensional ith dual quermassintegrals of star body. From the definition of L p -mixed intersection body, we have
From a geometric point of view, the L p -mixed intersection body which we defined is a generalization of the classical intersection body.
The main purpose of this paper is to study the monotonicity of the operator I p,i base on our definition of L p -mixed intersection body I p,i K . Also the Busemann-type inequalities for L p -mixed intersection bodies and the dual Brunn-Minkowski type inequalities for L p -mixed intersection bodies are established.
The structural arrangements of this article is: In Section 2 we introduces some notations in convex geometry and preparation knowledge in order to discuss in this article; In Section 3 we discusses the property of operator I p,i of L p -mixed intersection bodied; In Section 4 we will establish the Busemann-type inequalities for L p -mixed intersection bodies; In Section 5 we further propose and prove that dual Brunn-Minkowski type inequalities of L p -intersection bodies.
Notation and ready knowledge
The setting for this paper is n -dimensional Euclidean space R n (n 2). Let K n denotes the set of convex bodies (compact, convex subsets with non-empty interiors) in R n . For the set of convex bodies containing the origin in their interiors and the set of origin-symmetric convex bodies, we write as K n o and K n c , respectively. Let S n o denotes the set of all star bodies (about the origin) in R n , S n c denotes set of all origin-symmetric star bodies in S n o . Let B denote the unit ball in R n with the unit sphere S n−1 . We use V (K) for n -dimensional volume of geometry body K and denote
where (x, y) denotes the standard inner product of x and y in R n . The proof of Proposition 3.1 in Section 3 we will also be used a property of the inner product (see [3] 
where GL n denotes the non-singular affine (or linear) transformation group, φ t denote transpose of the transformation φ .
Two star bodies K and L are said to be dilates (of one another) if
. From the definition of radial function, we know that: If K, L ∈ S n o and any x ∈ R n , then (see [3, 13] ) (i) For the radial function ρ K , if c > 0, then
From the definitions of the support and radial functions and the definition of the polar body, it follows that for K ∈ K n o and any u ∈ S n−1 ,
, and ρ(K
.
Let f be a Borel function on S n−1 , the spherical Radon transform of the function f is defined by (see [4] )
Using the spherical Radon transform, we can rewrite the definition of L p -mixed intersection body I p,i K as follows
Spherical Radon transform has the following two important properties: (i) The spherical Radon transform is a continuous bijection from C ∞ e (S n−1 ) to itself;
(ii) The spherical Radon transform is self-adjoint, i.e., if f and g are defined on S n−1 bounded Borel functional, then
Radial sum of the vector x 1 , x 2 , ··· , x r in R n is defined as follows: If x 1 , x 2 , ···, x r are coplanar lines, then x 1+ ···+x r is the usual vector addition, otherwise it is zero vector.
If
then the radial Minkowski linear combination is defined as (see [9] ):
It is easy to show that for any K, L ∈ S n o and α, β 0,
Using the polar coordinate formula of the volume, then the volume of the radial Minkowski linear combination λ 1 K 1+ ···+λ r K r is defined as
where the sum is taken over all n -tuples (i 1 , ···, i n ) of positive integers not exceeding r .
, and is uniquely determined by (13), it is called the dual mixed volume of star bodies
In particular,
In particular, V i (K, B) is said to be an ith dual quermassintegrals of star body K and is written as W i (K), namely
Corresponds to the L p -mixed quermassintegrals and the L p -radial linear combination, we will introduce the concept of dual L p -mixed quermassintegrals as follows:
According to the above definition 2.2 and the polar coordinate formula for volume, we easily get the following integral representation of the dual L p -mixed quermassinte-
, of K and L can be expressed as follows:
Proof. According to the definition of W p,i (K, L) and W i (K), together with the dual L p -radial linear property, we have
This complete the proof of Lemma 2.1.
In the following we will give the dual L p -mixed Minkowski inequality.
with equality if and only if K and L are dilates. For n − p < i < n or i > n , inequality (18) is reversed.
Proof. First we need the following extended Hölder's inequality (see [5] ): Suppose f and g are two almost everywhere nonnegative bounded Borel functions on a set X , and real p, q ∈ R + satisfies
If one is negative of both p and q , the above inequality is reversed. For both cases the equality holds if and only if one of the two functions for measure μ is almost everywhere zero, or there exists insufficiency zero non-negative constants a, b , such that a f p = bg q for the measure μ almost everywhere in the establishment. Therefore, for i < n − p , we use integral representation (17) of W p,i (K, L) and Hölder's inequality (19) can be obtained
Note that the equality holds in Hölder's inequality if and only if ρ( 
Proof. We only show the first conclusion. Taking Q = K , using the known condi-
for i < n − p , using Lemma 2.2, it is easy to know
, with equality if and only if L and K are dilates.
with equality if and only if K and L are dilates.
Thus,
, and K and L are dilates each other. Therefore K = L . Similarly, we can prove that for n − p
We have completed the proof of Lemma 2.3.
We need to use the famous Jenesen inequality in the proof of Proposition 3.3 (see Reference [5] , Chapter 6). Suppose p = 0, μ is a finite Borel measure in set X , and f and ω are almost everywhere non-negative μ -integrable functions on X . Then p th weighted mean, M p,ω f , of f is defined as
there ω(X) = X ω(x)dμ(x). And we are easy to know
Jensen's inequality may be stated that: If p, q = 0, p q , and both M p,ω f and M q,ω f are existence, then
with equality for p = q if and only if f is a constant or if and only if p = q .
The following the concept of L p -mixed harmonic Blaschke plus K+ p L will be used later.
DEFINITION 2.3. [12] Suppose K, L ∈ S n
o , p 1 , and any real i = n , i = n + p . We denote ξ > 0, i.e.,
Then the L p -mixed harmonic Blaschke plus, K+ p L ∈ S n o , of K and L is a star body contains the origin in its internal whose radial function is defined by
For i = 0, Definition 2.3 is introduced by Yuan in [15] whose it is called L pharmonic Blaschke plus and write K + p L . For i = 0, p = 1, Definition 2.3 is introduced by Lutwak in [10] whose it is called harmonic Blaschke plus and write K+L .
The property of the operator I p,i
PROPOSITION 3.1. Suppose K ∈ S n o , and real p 1 . If φ ∈ GL n , then
Proof. Let u ∈ S n−1 . Using three properties (i), (ii), (iii) of the radial functions, and the property (8) of the inner product, we have
From this, we obtain Proposition 3.1. The proof of Proposition 3.1 is completed.
Proof. Using Lemma 2.1, (10) and (11), we easily show that the results (23).
Now define a class
We establish the monotonicity of the operator I p,i (p 1), the result is the following proposition.
with equality if and only if p = q or K is a ball centered at the origin.
(b) Let K ∈ S n o and any real i ∈ R. If
and
with equality if and only if K
= L. (c) Let K ∈ Z n p,i and L ∈ S n o . If for 1 p < n − i satisfying I p,i K ⊆ I p,i L, then W i (K) W i (L),
with equality if and only if
K = L. Let L ∈ Z n p,i and K ∈ S n o . If for p > n − i satisfying I p,i K ⊆ I p,i L, then W i (K) W i (L),
with equality if and only if K
with equality if and only if K = L.
Proof. (a) Note that for any u ∈ S n−1 , we have
From the definition 1.1 of L p -mixed intersection body, Jenesen's inequality (20) and the property (iii) of the radial functions, we have
Therefore, we get
We easily verify equation is true if and only if p = q . Or according to the conditions of equality hold in Jenesen's inequality, we know that the equality holds in (a) for p = q if and only if ρ K (v) is a constant for v ∈ S n−1 . Namely, K is a ball contains at the origin.
(b) For any Q ∈ S n o and real p 1, we have that
By Lemma 2.3 we know that the equality holds in (24) if and only if K = L . Using Proposition 3.2 in (24), we get (16) and L p -mixed Minkowski inequality (18), the above inequality can be turned into
with equality if and only if I p,i K and I p,i L are dilates. According to the condition of equality hold in the inequalities (24) and (25), we know that the equality hold in (25) if and only if K = L .
For n − p < j < n or i > n , using the same argument as in the first part of the proof, we get 
According to the condition I p,i K ⊆ I p,i L , we can get
For each fixed i < n − p , taking I p,i M = K in (26), and using the inequality (18), we get
By this inequality, we immediately get
According to the condition of equality hold in the inequality (18), and known conditions I p,i K ⊆ I p,i L , it is easy to know the equality holds in
, and using the inequality (18), we have 
with equality if and only if
Using Proposition 3.2, from the above equation, we can get
Further, by Lemma 2.3, we immediately have K = L . For i > n − p , using the same argument as in the first part of the proof, we get K ⊆ L implies I p,i K ⊇ I p,i L with equality if and only if K = L .
The Busemann-type inequalities for L p -mixed intersection bodies
A classic affine inequalities in convex geometry and affine geometry is the Busemann intersecting inequalities (see [2] ). It can be expressed as follows: Let K be a convex body in R n , then
with equality if and only if K is an ellipsoid. In this section we will establish the Busemann-type inequalities for L p -mixed intersection bodies. To this end, we need the following some lemmas. LEMMA 4.1. (see [11] ) If K ∈ K n and i = 0, 1, ···, n − 1 , then
with equality if and only if K is a n -ball.
with equality if and only if K is a n -ball centered at the origin. For i = 0, n , the equality hold in inequality (29) for any convex body K in R n .
Now we establish the following Busemann-type inequalities for L p -mixed intersection bodies.
For p > n − i, the inequality (30) is reversed. When p = n − i, the equality holds if and only if K is a ball centered at the origin in the above two inequalities.
Proof. If 1 < p < n − i, using (5), (6) and Hölder's inequality (19), we have
By (15), (31), Hölder's inequality (19) and Lemma 4.2, we can get
Using Lemma 4.1 and (27), and note that 1 − n−i p < 0 , from (32) we have
Namely
We have proved the first part of Theorem 4. In the following we consider the conditions of equality holds in the inequality (30). According to the conditions of equality hold in Hölder's inequality (19), we know that the equality hold in (31) and (32) if and only if ρ K (·) is a constant. Namely, K is a ball in R n . This, combined with the conditions of equality holds in (27) and (28), we see that for p = n − i the equality hold in Theorem 4.1 if and only if K is a ball centered at the origin. This completes the proof.
Taking j = 0 in Theorem 4.1, we obtain that
For p > n − i the inequality (34) is reversed. The equality holds for p = n − i if and only if K is a ball centered at the origin.
Taking i = 0 in Corollary 4.1, we obtain that 
with equality if and only if K is a ball.
Dual Brunn-Minkowski-type inequalities for L p -mixed intersection bodies
In this section we establish the dual Brunn-Minkowski-type inequalities for L pmixed intersection bodies. To do this, we first give following two lemmas. Similar to the proof in the first case, from Minkowski integral inequality (38), we can obtain the reverse inequality of inequality (41), with equality in the reverse inequality if and only if K and L are dilates.
